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Abstract 

Let c be an element of the Weyl algebra W{d) which is given by a 
strictly positive operator in the Schrodinger representation. It is shown that, 
under some conditions, there exist elements bi, . . .,bd S yV{d) such that 
Yl'j=i bj'^bj ^ finite sum of squares. 

1 Introduction 

In the last decade various versions and generalizations of the Archimedian Po- 
sitivstellensatz and of uniform denominator results have been obtained in semi- 
algebraic geometry (see the recent books [PD], [Ml]). The proofs of these results 
are either purely algebraic [R], [M2], [JP] or functional analytic [SI], [PV]. The 
first proof of the Archimedean Positivstellensatz for compact semi-algebraic sets 
given in [SI] was essentially based on methods from functional analysis. The 
purpose of this paper is to prove a strict Positivstellensatz for the Weyl algebra. 
Our approach uses again methods from operator theory and functional analysis. 

Let d E N. The Weyl algebra yV{d) (see e.g. [D]) is the unital complex *- 
algebra with 2d hermitean generators pi, . . ., p^, gi, . . ., and defining relations 

PkQk - QkPk = -i ■ 1 for A; = 1, . . ., d, 

PkPi = PiPk, QkQi = qiqk,Pkqi = qiPk for k,l = 1, . . .,d,k ^ I, 
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where i denotes the complex unit and 1 is the unit element of yV{d). The Weyl 
algebra yV{d) has a distinguished faithful * -representation, the Schrodinger rep- 
resentation ttq. It acts on the Schwartz space 5(M'^), considered as dense domain 
of the Hilbert space L'^{W^), by 

(MpM(t) = -i|r (^o(qkMt) = tkvit), if e 5(R'^), = 1, . . , rf. 

Setting ak := 2-^/'^{qk + ipk), a_k — '2~^^'^{qk - iPk), the Weyl algebra W{d) is 
the unital *-algebra with generators Oi, . . ., a^, a_i, . . ., a_fe, defining relations 

a^a-k — CL-kO-k — 1 for A; = 1, . . ., d 

afcO; = aiak for /c, / = — rf, . . ., —1, 1, . . .,d,k ^ —I, 

and involution given by = a_fe, /c = 1, . . ., d. We abbreviate 

A^fe := alttk and N -.^ Ni-\ h A^d = a^ai H h a^a^. 

The Weyl algebra yV{d) has a natural filtration (Sq, -Bi, • • •)' where S„ is the 

linear span of a^^ • ■ -all^a^- ■ -a',:?^ such that fci H Vk^ + h^ \-ld<n and 

kj, Ij E Nq. Here, as usual, a° := 1. The corresponding graded algebra associated 
with this filtration is the polynomial algebra C[z, z] = C[zi, . . ., z^, . . ., ^] in 
2n complex variables Zi, . . ., Zd,^, . . .,'Zd, where Zj and J] correspond to aj and 
a*, respectively. If c e Wd is an element of degree n, we write Cn{z,z) for the 
polynomial in C[z, z] corresponding to the component of c with degree n. 

Throughout this paper, a is a fixed positive number which is not an integer. 
Let J\f denote the set of all finite products of elements + (a + n) 1, where n G Z. 
Further, we shall use the set E (>V(d)) of all finite sums of elements x*x, where 
X e W{d), and the positive cone 

yV{d)+ = {x e W{d) : {7ro{x)(p, (f)>0 for all (p e S{R'^)}. 

The main result of this paper is the following 

Theorem 1.1 Let cbe a hermitean element of the Weyl algebra VV(d) of even de- 
gree 2m and let C2m{z, z) be the polynomial o/C[2i, . . ., 2;^, . . ., ^] associated 
with the 2m-th component of c. Assume that 

(i) There exists e > such that c — e ■ 1 E W((i)+. 

(ii) C2m{z, z)^0 for all zeC'^,z^O. 
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Ifm is even, then there exists an element b E such that bcb G ^^(VV((i)). Ifm 
is odd, then there exists b E M such that X]j=i bajca*b G Yl'^i'^id.)). 

Note added in proof. It can be shown that in Theorem 1 . 1 condition (i) implies 
condition (ii). That is, assumption (ii) in Theorem 1.1 can be omitted. 

This paper is organized as follows. The proof of Theorem 1 1.1 1 will be com- 
pleted in Section 13 In Sections 12 -El we develop some technical tools. They 
are needed in the proof of Theorem 1 , but they are also of interest in itself. In 
Section 121 we introduce and study algebraically bounded *-algebras. In Section 
|3lwe define an auxiliary algebraically bounded *-algebra X associated with the 
representation ttq of the Weyl algebra. In SectionlHwe classify the representations 
of this auxiliary *-algebra. The form of these representations is essentially used 
in the proof of Theorem 1 1.1 1 in Section |5l A simple example illustrating Theorem 
1.1 is presented in Section 

Let us fix a few definitions and notations. By a ^-representation [S2] of a 
unital *-algebra A:" on a pre-Hilbert space V with scalar product (•, ■) we mean an 
algebra homomorphism n of X into the algebra L(V) of linear operators mapping 
V into V such that 7r(l) = / and (7r(x)(y9, -i/)) = {Lp,7i{x*)tp) for x E X and 
(f^ijj G v. Here 1 is the unit element of X and / is the identity map of V. The 
closure of an operator y is denoted by y. For a self-adjoint operator y, we denote 
by a{y) the spectrum of y and by Ey{J) the spectral projection of y associated 
with a Borel set J . 

2 The algebraically bounded part of a * -algebra 

In this Section X is an arbitrary complex *-algebra with unit element 1. Let 
Xh = {x E X : X* = x} hQ the hermitean part of X. Each element x E X 
can be written as x = xi + 1x2, where xi = Re x := ^{x + x*) E X^ and 
a;2 = Im a; := |i(x* — x) E Xh- Suppose that X is an m-admissible wedge 
of X in the sense of [S2], p. 22, that is, C is a subset of Xh such that 1 E C, 
x + yEC,XxEC and z*xz E C for all x,y E C. X > 0, and z E X. Let >z denote 
the ordering of the real vector space Xh defined by x ^ ?/ if only if x — y E C. 

Let Xb{C) be the set of all elements x E X for which there exists a positive 
number A such that 

X ■ 1 y ±Re X and A ■ 1 ^ ± Im x. 
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Lemma 2.1 (i) Ifx, y G Xb{C), then xy G XhiC). 



(ii) For X G Xf,, we have x G Xb{C) if and only ifxx* G Xb{C). 
(in) Let x,y & X^. Ifx >z and x — y = xy, then x ^ y ^ 0. 

Proof, (i): We write x = xi + 1x2 and y = yi + iy2, where xi, X2, 2/2 G X^. 
Since x G Xh{C) and 2/ G A:{,(C), there are positive number A and fj, such that 
A ■ 1 ^ ±Xj and yU ■ 1 ^ ±yj for j = 1,2. Then, X ■ 1^ Xj E C. Therefore, by the 
definition of an m-admissible wedge, for z E X and a G C we have 

(a ■ 1 + z)*{X ■ 1 - Xi){a -1 + z) + {a-l- z)*{X ■ 1 + Xi){a ■ 1 - z) 
+ (ai ■ 1 + zy{X ■ 1 - X2){ai ■ 1 + z) + {ai ■ 1 - zy{X ■ 1 + X2)(m ■ 1 - z) 
= 4:X{z*z + |a|^ ■ 1) - 2az*x* - 2axz E C. 

and hence 

2X{z*z + \a\'^ ■ 1) y az*x* + axz. (1) 

Setting z* = X and a = 2A in ([T]) we get 4A^ ■ 1 >z xx*. Likewise, replacing 
X by y* and A by /i we obtain Afi^ ■ 1 ^ y*y. In particular, the preceding proves 
the only if part of assertion (ii). Setting now z = y and inserting the relation 
y*y :< 4^^ ■ 1 just proved into it follows that 

2A(4/i^ + |aH ■ 1 y ay*x* + axy. (2) 

Letting a = ±1 and a = =Fi in (0), we conclude that 

A(4/i^ + 1) ■ 1 ^ ±^{y*x* + xy) = ±Re xy 
A(4/i^ + 1) ■ 1 ^ ±-i{y*x* — xy) = ±/m xy. 
By definition the latter means that xy E Xb{C). 

(ii): The only if part is already proven. It remains to show that xx* E Xh{C) 
implies that x E X^. Since xx* E Xi){C), there is a A > such that A ■ 1 ^ xx*. 
From the fact that 

(x — a ■ l){x — a ■ 1)* = XX* — ax* — ax + |ap ■ 1 G C 

it follows that 

(A + lap) ■lhxx* + |ap ■ 1 ^ ax* + ax. (3) 
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Setting a = ±1 and a = ±i in @, we conclude that Re x and Im x are in Xb{C) 
and so X e Xb{C). 

(iii): From the relations x = y + xy and x ^ we obtain xy = y'^ + yxy ^ and 
hence x = y + xy y y. Using once more the assumptions x y and y = x{l — y) 
we get y — y'^ = {1 — y)x{l — y) h 0- Thus, y h y"^ hO- ^ 

Corollary 2.2 Xb{C) is a unital *-subalgebra of X. 

Proof. From its definition it is obvious that Xb{C) is a ^-invariant linear subspace 
of X. By Lemma inT i). Afe(C) is a subalgebra of X. □ 

By the definition of XhiC) the unit element 1 is an order unit of the real ordered 
vector space {Xi,{C)h, The corresponding order unit seminorm || • || i is defined 
by 

= inf {A > : A ■ 1 ^ X ^ -A ■ 1}, X G Xi,{C)h. 

Recall that a point x is called an internal point of a subset M of a real vector space 
E if for any y E E there exists e > such that x + Sy E M when ever \6\ < 
e, 5 G M. Let C° denote the set of internal point of the wedge Cj, := C fl X{C)h in 
the real vector space Xb(C)h- Clearly, C° coincides with the set of order units of 
Cb in the order vector space (Xb(C)h, h)- In particular, 1 G C°. 

Lemma 2.3 Let z be an element ofXb{C)h which is not in C°. Then there exists a 
state F on the *-algebra X^iC) such that F{z) < and F{x) > Ofor x E Cb. 

Proof. Since C° is not empty, by Eidelheit's separation theorem for convex sets 
(see [K], §17, (3) or [J], 0.2.4) there exists a R-linear functional / on Xb{C)h such 
that / ^ and f{z) < < f{x) for x E Cb- Since 1 G and / ^ 0, we have 
/(I) > 0. We extend on Xb{C)h to a C-linear functional F on Xb{C). □ 

Remark 1. From [J], 3.7.3 resp. 1.8.3, it follows that the C;, -positive state F on 
Xb{C) can be chosen to be extremal (that is, if G is another state on Xb{C) such 
that 0<G{x) < F{x) for all x E Cb, then G = F). 

We now specialize to the case when C is the m-admissible wedge Yl'^i'^) of 
all finite sums of squares x*x, where x E X. In this case the *-algebra Xb{C) 
is denoted by Xb and called the algebraically bounded part of the *-algebra X. 
We say the *-algebra X is algebraically bounded if X = Xb. The usefulness of 
these notions stems from the following obvious fact: For any * -representation ir 
*-algebra Xb on a pre-Hilbert space V, each element x E Xb is mapped into a 
bounded operator 7r(x) on V and ||7r(x)|| < ||x||i for x E {Xb)h. Moreover, if the 
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*-algebra X has a faithful Hilbert space *-representation, then || • ||i is a norm and 
the unit 1 is a inner point of the cone Yl^i'^b) in the normed space {{Xi,)^, \\ ■ ||i). 

We illustrate the preceding by a simple example which has been used in [PV]. 
Example. Let X be the unital *- algebra generated by the rational functions Xki '■ = 

XkXi{l + xf + . . . + k,l = 0, . . ., d, on R^, where xq := 1. Since all 

generators Xki are hermitean and < x^; < Yl'ij=i ^ij = it follows that xli e 
Xj, and so x^i E Xi, by Lemma 2.1(ii). Hence the *-algebra X is algebraically 
bounded. 

3 An auxiliary algebraically bounded * -algebra 

In what follows we use another unitarily equivalent form of the representation 
ttq, the so-called Fock-Bargmann representation (see e.g. [F, 1.6]). For notational 
simplicity we shall write x instead of 7ro(a;) for x G W{d) and a instead a-1 
for q; e C when no confusion occurs. The Fock-Bargmann realization of the 
representation ttq acts on the orthonormal basis {cn, n e Nq} of the representation 
Hilbert space by 

OfcCn = , a.fcCn = (rik + lY^^e^+i^ (4) 

fork = 1, . . ., d and n = (ni, . . ., n^) G Nq. Here 1^ G Nq denotes the multi- 
index with 1 at the A;-th place and zero otherwise and we set e^-i^. = if = 
0. The corresponding domain T>o of the representation consists of vectors — 

J2neN^ (^nCn such that X^n"-!- • •"'dl^'nP < oo for all r G N. Put |tT| := niH hn^ 

for n = (ni, . . ., rid) £ Nq. Then the actions of the elements A^^ and N of the Weyl 
algebra are given by 

NkCn — rifcCn and Ne^ — |n|en, n G Nq. (5) 

Set ao := 1. We define the following operators on the domain Vq : 

Xki — CLkdi^N + a)~^ for /c=0, . . .,d,l= — d, . . ., d; k= — d, . . .,d, 1=0, . . .,d, 
x-i-k = {N + a)~^a-ia-k for kj = 0, . . .,d, 

Xk = Xko = ak{N + a)~^ and yko = x_k,k = Nk{N + a)~^ for A; = 1, . . ., d, 
Hn = {N + a + n)~^ for n G Z. 

Let X be the unital *-algebra generated by the operators Xki, k, I = —d, . . .,d, 
and yn, n G Nq. The operator Xki-, Vn resp. the *-algebra X can be considered as 
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non-commutative analogs of the Veronese map used in [PV]. For k, I = —d, . . .,d 
and j = 1, . . d, we have 



xli = x_i_k, Xki = xzfc if A; + / 7^ 0, „j - x^j^ = y^. (6) 

Note that the operators yn,n G Z, and 7/^0, k = 1, . . .,d, pairwise commute. 
Moreover, XijXki = XkiXij for i, j, k,l = 1, . . .,d. From Q and Q it is clear that 
all operators xm, Vn and so all elements of X are bounded on Vq and leave Vq 
invariant. 

In order to formulate some relations we introduce the abbreviations j) = 2 
if i > 0,j > 0,t(i,j) = 1 if i = 0, j > or z > 0, j = 0, and t{i,j) = 
otherwise. For the rest of the paper we need a number of commutation relations 
of the operators defined above. They are easily verified by using formulas Q and 
We shall list these relations in a convenient form for the applications given 
below. Not all relations are used in full strength. 



yk-yn = {.n-k)ykyn = {n-k)ynyk for k,neZ. (7) 

2/10 H \- ydo = I - ayo. (8) 

^Ij^kj = ywivjo - Skjyo),xl _iXk-i = {yko + kiyo){yio + yo) 

for j = 0, . . A;, / = 1, . . (9) 

yoXki = (1 + (sign(A;) + sign{l))yo)xkiyo for k,l = -d,.. ., d. (10) 

yn^k = X*^yn+1, Xkyn = yn+l^k, (H) 

xi^l = x*ki^ - y2)xi + 6kiyl, (12) 

Xkxl = yumiX - yi) + 2/1, ykoxl = xKykoii - yi) + 2/1), (13) 

Xkiyo = XkXi{l - 2/0), x^k-iyo = xlx'lii + 2/0), (14) 

Xk-Wo = x-i^kyo + hwl = x*iXk + 5kiyl, (15) 
for k,l = 1, . . .,d and n G Z. 

XijXki - XkiXij G yoX, XijXki - XiiXkj G yoX, (16) 

yottkai = (1 + i{k, l)yo)xku (17) 
for z, j, k, I = —d, . . .,d. 



Moreover, we have yoX = Xy^. 

Lemma 3.1 The * -algebra X is algebraically bounded, that is, X = Xf,. 
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Proof. From © and ® we obtain 

d d 

(1 - ayo)yQ = ykoVo = xl^Xko h 

k=l k=l 

and 

d d 

Vo = ayQ + ^ xl^Xko h and - yo = a{yo - a~^f + ^ xlf^Xko h 0. 

k=l k=l 

Therefore, we have 

a"' hyohO. (18) 

Since yn — yn+i = ynyn+i by ©, it follows from Lemma ITTT iii) by induction on 
n that a^^ h yn h and so y„ G A";, for all n G Nq. Using © and ® we get 

5Z ^'^o ) = ^ki^^^ + XI ^fco ^ ?/jo (19) 

k=l J k^l k=l 

for j = 1, . . ., (i. Since yo ^ ^^fe^ from (fT^ and Lemma ITlT ii) we derive that 
yjo G for j = 1, . . .,d. Using ® and Lemma lOl (i) and (ii), it follows from 
the latter that x^j E for k = 1, . . .,d and j = —d, . . .,d. Since x^k-j = x*f^, 
all generators of the *-algebra X are in Xh. By Corollary 12.21 (1'). X = Xh. □ 

For the proof of Theorem 11.11 below we need the following Lemma. 

Lemma 3.2 For ri G N and «i, . . ., G {~d, . . .,d} there exist polynomials 
fj{yo) G M[?/o],i = li • • -5 2n, that /j(0) = anJ 

2/o«»i- ■ ■> «»2n = h{yo)xni2f2{yo)- ■ ■fn{yo)xi^^_^i^^, (20) 

'^i2n+i' ' ''^iinVo = Xi^^^^i^^^^fn+l{y{))- ■ ■f2n{yo)Xi^„_^i^„., (21) 

2/o«n- ■ ■«*4nl/o = /i(2/o)a:»ii2/2(?/o)- ■ ■/2n(2/o)a;i4„_ii4„- (22) 

Proof. It suffices to prove (l20b . Equation (1211) follows from (l20b by applying the 
adjoint operation and (l22b is obtained by multiplying (l20b and (1211) . 
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We prove (I^Ut by induction on n. For n = 1, formula (fTTt gives (I^DI) . We 
assume that d^Ut is true for n and compute 
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I/q Ojj . . •Q'j2n'^«2n+l'^i2n + 2 VO fliUo) ^ili2' ' ' /« (l/O ) ^i2n- 1 ,«2n '^«2n + l '^i2n 

fl{yo)^hi2' ' ■/n.(l/o)^j2ri-l,«2ri?/OQ'j2n + l^«2ri + 2 

= fl{yo)^iii2' ' 'fn{yo)Xi2„-i,i2ni^ + t(^2n+l ) '^2n+2)?/o)3;i2n+i ,j2n+2 i 

where fj{yo) G M[?/o] and /j(0) = 0. Here the first equality holds by the induction 
hypothesis. The second equality follows from (flOb . while the third one is obtained 
by inserting dlTt . □ 



4 Representations of the auxiliary * -algebra 

Suppose TT is an arbitrary * -representation of the *-algebra A' on a dense domain 
of a Hilbert space H. Since X = X^hy Lemma EH all operators 7r(x), x G X, 
are bounded, so tt extends by continuity to a * -representation, denoted again by 
TT, on the Hilbert space Ti. The aim of this section is to describe the structure of 
this representation tt. To shorten the notation, we write simply x instead of 7r(s) 
for X E X if no confusion is possible. Moreover, we use the multi-index notation 

x" := x"'- ■ ■x^'' for n = (ni, . . .,nd) G Nq. 

4.1 Let TYoo := keryo and let Tii be the closed linear span of subspaces /Co : = 
ker(?/o — «^^) and /Cn := {x'^Y^o fiir ^ Ng. In this subsection we show that Tioo 
and Til are invariant subspaces for the representation vr such that H = Hi® Hoo- 

From the relations t/oZ/n = VnVo^ n G Nq, and (fTOI) it is clear that Hoo = ker yg 
is an invariant subspace for the representations tt. Since ynVo = l/o?/n and = 
xlyn+i by (fTTT) . /Co and /Cn and hence Hi are invariant under y„, n G No. The 
invariance of Hi under is trivial. 

Since y yo y hy (fTSl) . the self-adjoint operator yo satisfies the rela- 
tion a~^I > yo > in the Hilbert space ordering. Hence its spectrum a{yo) is 
contained in the interval [0, a^^]. 

Let (/J G /Co. Using the relations (1 + yo)yi = yo by © and Xkyo = yiXk by 
dTTT) . we have 

(1 + yQ)xk'^ = (1 + yo)xk{ayoip) = a(l + yo)yiXkLp = ayoXk(p 
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and so yoXk^ = {a — l)~^Xk^. Since cr(?/o) ^ [0, a^^], the latter implies that 

Xfc^j = for (/? G /Co = ker(2/o — « "'^), k = 1, . . .,d. (23) 

The invariance of JCn and so of Hi under x^, A; = 1, . . ., rf, follows easily by 
induction on | n| using relations (l23t and ([T2b and the fact that /C„ is invariant under 

?/2. 

We prove the invariance of Hi under Xki- Let (f E ICq. Using Q and (fTTT) we 
compute 

Xkiix^'Yip = axki{x"yyoLp = axki{x"yy\n\{l + \n\yo)ip 
= axH?/o(a:")*(l + \n\a~^)^ (24) 

for k, I = ~d, . . .,d. Expressing Xkiyo by means of relations (fT4b and (fTSt and 
using the invariance of Tii under x-, , x* and the right hand side of (l24l) is in 
Til- Thus, the subspace Hi is invariant under the generators of X and so under all 
representation operators. 

We show that Hoo^Hi. Indeed, if 77 G Hoo = ker y^, tp e JCq = ker(?/o — a"^) 
and n G Nq, then by dTj and (fTTT) we have 

(77, = (r7,a(x")>„|(l + |n|i/o)¥^) 

= (a + |n|)2/o(2:") V) = (?/or/, (a + |n|))x") » = 0. 

Finally, we prove that H = Hi ® H^o- Clearly g := H Q {Hi ® Hoc) 
is an invariant closed subspace for the representation tt. We have to prove that 
Q = {0}. Assume to the contrary that Q 7^ {0}. Let Yq, Yi and Xk denote the 
restriction to Q of the operators yo, yi and Xk on H, respectively. Since ^± ker yo 
and Q±kei(yo — a^^), we have ker Yq = {0} and ker(yo — a~^) = {0}. Because 
cr(^o) ^ cr(?/o) ^ [0,a^^], we therefore have Aq := supcr(Fo) > 0. Fix k G 
{1, . . ., d}. By (10), XkYo = YiXk. This in turn implies that Xkf{Y^) = fiYo)Xk 
for all / G L°°(R) and so 

XkEy.iJ) = Ey,{J)Xk (25) 

for any Borel subset J" of M. Since Yi = Yq(I + Yq)~^ by Q, it follows from the 
spectral mapping theorem that Ao(l + Ao)~^ = cr{Yi). Because ker(lo — a"^) = 
{0}, for any e > there exists A G o-{Yo) such that |A — Ao| < e and A < a~^. 
Hence we can choose numbers Ai G o-(Fo) and 6 > such that 

Ao(l + Ao)"^ < Ai - (5 < Ai + 5 < Ao, Xi + 6 < a-\ (26) 
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Let J := (Ai — 5, Ai + (5). Since Ai G o{Y<^ and Ai — 5 > sup o{Y{), we have 
Ey^{J) ^ and ^^^(J') = 0, so that XkEy^XJ) = by d^U). Therefore, by ® 
and dHll, 

d 

= = (1 - aYo)YoEY,{J). 

k=l 

Because inf{|(l - aA)A|; A G J7} > by and Eyo{J) we have obtained 
a contradiction. Thus, Q = {0} and 71 = Hi® Hoc- 

4.2 In this subsection we show that the restriction tti of the representation tt to 
Hi is a direct sum of representations which are unitarily equivalent to the identity 
representation of A". By the identity representation we mean the representation p 
of X on the Hilbert space Ho given by p(x) = x, x G X, where x is the continuous 
extension of the operator x on the dense domain Vq to Ho- 
We begin with two preliminary lemmas. 

Lemma 4.1 (i) = - 2/2)- ■ ■(! - y\„\+i)fxkfor all k = l,...,d 

and n G Ng, n 7^ 0, such that rik = 0. 

(ii) Xkxlx*fJ' = x*{{yka{l - (r + l)2/r+i) + (r + l)yr+i)yr+ifor k = I, . . .,dand 
r G No. 

Proof, (i) is proved by induction on |n|. If |n| = 1, then the assertion holds by 
(fT^ . Suppose that the assertion is valid for n. Let j G {1, . . .,d},j 7^ k and 
n' := n+lj. Using the induction hypothesis and relations (fT^ and (fTTT) we obtain 

Xkix""')* = XkixYx* = (xyai - 2/2)- ■ -(1 - y\n\+l)fx,X* 

= (x")*((l - y,). . .(1 - ?/|„|+i))\*(l - y2)xk 
= (x"')*((l-2y2)---(l-?/|„'|+i))'xfc. 

(ii) is proved by induction on r. For r = the assertion is just the first formula of 
(fT?l . Suppose that the assertion holds for r. Using the induction hypothesis and 
relations dTTT) and (fT3t we compute 

Xkxlxl^"^^^^ = x*f!'{yko{l - (r + l)yr+i) + (r + 

= X*f:{yk0Xl{l - (r + l)?/r-+2) + (r + l)Xfcyr+2)?/r+2 

= xl^''^^\{yko{l - yi) + 2/1) (1 - (r + l)?/r+2) + (r + l)?/^+2)yr+2 
= Xk''''^\yko{l - (r + 2)2/^+2) + (r + 2)y,.+2)?/r+2, 
where the last equality is derived from relation Q. □ 
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Lemma 4.2 Ifr], ip e (^nd 6, n G Nq, \l\ + |n| > 0, then 

{{xrv, (^") V) = 77T-4^TT^^^*."<^' (27) 

((1 + a)- ■ -(Inl + a))^ 

Proof. First we prove that (x^)*ri±{x"')*ip if t ^ n. Assume without loss of 
generality that kj > nj. Set k[ = ki,n[ = ni for I ^ j, k'- = n'- = 0, and 
6' = {k[, . . ., k'2), n' = {n[, . . ., n'^). From Lemma H~lT i) is follows by induction 
on s that there exists a polynomial / (depending on s and n') such that 

x',{x"'r = (x"')7(2/2, . . y\n'\+s)x', for s e N. (28) 

Further, using the formulas (fT^ it is easily shown by induction on r that there 
exists a polynomial g (depending on r) such that 

x'jxY = giyjo,yu ■ ■ Vr) for r G N. (29) 

Since Xjyj^ = {yj^ ( 1 — by (flSt and = yn+iXj by (fTTT) we conclude 
from (l28t and (l29t that there is a polynomial /i such that 

xp^^xYix"')* = ix"'yh{yj,,y,, . . .,yr+s)x]. (30) 

Setting s = kj — nj,r = uj and using the fact that Xjip = by (l23t . (l30b implies 
that = x*'a^^a;*''(x")V = and so ((x*)*?], (x")*^?) = 0. 

Next we prove (l27t in the case t = n. It clearly suffices to show that 

We prove (ISTt by induction on |n|. First we note that yr+i'f = (r + 1 + a)~V 
by ^ and = x^x^v^ = xl^Xkof = ywyo^ = a'^yko'f by and Q, so that 
ykoV = 0. Inserting these facts into Lemma I^TlT ii) we get 

XjX*xpip = x*"^ {uj + l){nj + 1 + a)~^ip for nj G Nq. (32) 

Setting rij = 0, gives (OTT) for |n| = 1. Suppose that (OTT) holds for n. 
Let j G {1, . . We prove that (BTT) is true for n' = n + Ij. Set n = 

(rii, . . ., rij^i, 0, n^+i, . . ., n^). Then we compute 

X (X ) (p = X XjXjXj [X ) (p = X Xj[X ) XjXj if 

= x"(x")*((l - 2/2)- • ■(! - y\h\+i)fxjX*xp(p 
= x"(x")*((l - 2/2)- ■ -(1 - y\n\+i))'xp{n, + l)(n, + 1 + a)-V 
= x"(x')*((l - 2/2+n,)- ■ -(1 - ?/|n|+i+„,))'K- + l){nj + 1 + a)~^p 
= x"(x")*(n, + l)(|n| + 1 + a)-V, 
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where we used Lemma l4. U i). formula and the fact that (l—yk)(p = (k—l+a) 
(k + a)~^ip. Inserting the induction hypothesis we obtain (BTT) for n'. □ 

Put c„ := {nil- ■ + a)- ■ i\n\ + a) for n G N;j, n ^ 0, and cq := 1. 

Let {iff, i G /} be an orthonormal basis of /Cq. Then, by formula dTTb the set 
{en,j:=Cn(x")*v9j; n G Nq, i G /} is an orthonormal basis of Hi. From 

= K + l)'/'(|n| + 1 + G /Cq, 

by dm we derive 

Therefore, by © and the operator xl acts on the orthonormal set {cn/, n G 
Nq} as on the orthonormal basis {cn, n G Nq} for the identity representation of 
X. The same is true for the adjoint operator Xk of xl and hence for all operators 
Un and Xki by (fT^ and (fT5l . That is, for each i G / the restriction of tti to the 
closed linear span of vectors {e„/, n G Ng} is unitarily equivalent to the identity 
representation of X. Consequently, tti is the direct sum of representations of M 
which are unitarily equivalent to the identity representation. 

4.3 In this subsection we study the restriction tToo of tt to the invariant subspace 
Hoc = ker 2/0- Since TTooivo) = and xIq = Xq^ = x_k,o = Xo-k, we have 

T^ooiVn) = 0, n G No, and Hooixko) = TTodxok) =0,k = -d,..., d. (33) 

by O and ®. From (fT^ . ® and © we conclude that X^i := T^oo{xki), k, I = 
—d, . . .,d, are pairwise commuting bounded normal operators on Hoc satisfying 

Xki = Xik, = X^i^^k and 

XijXki = XkjXii for k,l = -d, . . .,d. (34) 
Recall that yjo = Xj-j. Therefore, by (EJ), 

+ ■ ■ ■ + Xd,-d = I. (35) 
For j = 1, . . ., c?, we obtain from (l34l) and (l35t 

d d 

^k~j^k-j = ^ Xk-kXj-j = Xj^^j. (36) 
fc=i fe=i 

We now describe the Gelfand spectrum of the operator family {X^f, k, I = 
—d, . . .,d} or equivalently the character space of the abelian C*-algebra generated 
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by these operators. Let x be such a character. From (U51) . there is j G {1, . . ., d} 
such that x{Xj-j) 7^ 0. Take Zj G C such that z^- = x{Xjj). Since x{^j-j) > 
by (03) and z'^-zj'^ = xi^jj^-j-j) = X^^j-jY by (OH), we have ZjY] = 
x{Xj^^j). We define z^ := xiXk-j)x{Xj~j)~^Zj for A; 7^ j. Note that the latter 
relation is trivially true for k = j, so it holds for all /c = 1, . . .,d. Using the 
preceding facts and (l34b we compute 

ZkZi = x{Xk,-jXi^^j)x{Xj^^j)-^x{X. 
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h3J 

= xix,i)xix^^^MXj,-j)-' = x{x, 

z,-zl = x{Xk,-j)iW^)xiX,,^,)-\{X,,-,) 

= x{Xk,-,x^iMx,,-,) = x{Xk,-i) 

for k,l = 1, . . .,d. From the latter and (l35t we get 

^=1 / 

Thus we have shown that for each character x there is a point z = {zi, Zd) of 
the unit sphere of the Euclidean space such that 

x{Xki) = ZkZi and x{Xk-i) = ZkZi for k,l = 1, . . .,d. 

From the Gelfand theory it follows that there exists a spectral measure E{-) on the 
unit sphere S"^ of such that 




rCoc{x kl) = / ZkZidE{z,z),nco{xk-i) = n{x-i^k) = / ZkZidE{z,z) (37) 

for A;, / = 1, . . .,d. Combined with ( B^ . these formulas describe the representa- 
tion TToo on the generators of X completely. 



5 Proof of Theorem 1.1 

We first prove the assertion of Theorem ll.ll in the case when m is even, say m=2n. 
Then c G W((i) has degree An. From formula (l22t in Lemma l3l2l it follows that 
?/o c?/o belongs to the *-algebra X. 

The crucial step of the proof is to show that HqCHq G ^^(^). Assume the 
contrary. We apply Lemma IT^ to the wedge C = Yl'^i'^)- Since X = X^hy 
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Lemma ITTl there exists a state F on the *-algebra X such that F{yQcyQ) < 0. 
Let TTp denote the representation of X with cyclic vector ifp associated with F by 
the GNS construction such that F(x) = {'kf{x)lpf, ^f) for x E X. As shown in 
SectionlH tvf decomposes into a direct sum of representations which are unitarily 
equivalent to the identity representation of X on L'^iW^) and the representation 
TToo on Hoc- Let ipi G L'^(W^), i E I, and ip^o E Hoc be the components of the 
vector (fF in this decomposition. Then, wen have 

Fi^) = "^{Wii Vi) + {t^oo{x)^oo, V^oo), xE X. (38) 

By assumption (i), (y^cyj^^,^) = {cyj}^,yl^^) > e{y^^,yl^^) for E Vq = 
S{R'^) and hence 

{^^ip, if) > eW^cpf > for V? G L^iR''), ^ 0. (39) 

From Lemma Isl and the fact that rrooifjillo)) = '?^"oo(/j(0)) we obtain 

for 2i, . . ., = —d, . . .,d. If the degree of a monomial ttj^- ■ -aj^^ is less than 4n, 
then at least one index ij is zero and so iraoiUoO'ii - ■ "Q^Mnl/o) = by ( l^ . Hence 
we have 'Kooi.yocy^) = 'rCooiyoCinVo). Using ^ we derive 

{TToo{yoCyo)iPoc,foo)= C4n{z,z)d{E{z,z)LPoo, 'foe)- (40) 

By assumption (ii), c^niz, z) > for 2; G S**^. Since F{yQcy'^) < 0, it follows from 
(l38t . ( l39b and (|40|) that all vectors (pi, i E I, and Lpoo are zero. But then = 
by (l38l . in contradiction to the fact that F is a state. Thus, y^cyl!; E Y^'^i'^)- 

That yQcy^ E Yl^i'^) means that there exist elements gi,- ■ - jQs E X such 
that 2/0 c2/o = SLi 9i9i- Let 6 G A/". Multiplying the latter equation by b{N + a)"" 
from the left and from the right we obtain 

s 

bcb = J2(9i{N + arby{gi{N + ayb). (41) 
(=1 

Each element of A* is a linear combination of finite products of operators aj and 
a*, j = 1, . . ., (i, and yt = {N + a + k)^^ ,k Ef^Q. Therefore, it follows from the 
relations a^y^ = yk+io-j and a*yk = yk-io-j that we can choose b E M such that all 
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denumerators (A^ + a + A;)~^ of elements gi cancel, so that gi{N + a)"'b G W{d). 
Then we have bcb G Y^'^O^i^)) <R-TT> - as required. 

Next we treat the case when m is odd, say m = 2n — l. Then c := X]j=i CLjCa* 
has degree An. By assumption (i) on c, we have 

d d 

i=i i=i 

for G iS(M"'). Since C4„(2;, z) = C2m{z, z) on S''^, c satisfies assumptions (i) and 
(ii) too, so the preceding applies to c. This completes the proof of Theorem ll.li 
Remark 2. The above proof shows that for even m = 2n the assertion of Theorem 
ll.ll remains valid if assumption (i) is replaced by the weaker requirement that the 
continuous extension of the bounded operator (A^ + a)~"'c{N + on iS(M'^) 
to L^(R'^) is positive and has trivial kernel. The latter is satisfied if there exists 
a bounded positive self-adjoint operator x on L^(M'^) with trivial kernel such that 
{c(p, If) > {xip, If) for ip G The special case x = e ■ I is assumption (i). 

6 An Example 

Suppose that d = 1. Since the spectrum of the closure of the operators 7ro(A^) is 
No by ©, a polynomial p{N) of is in 1^(1)+ if and only if p{n) > for all 
n G Nq. As shown in [FS], the element p{N) belongs to Yl'^i^i^)) if ^^'^ o^^^Y 
there are polynomials go, • • 9fc G C[N],k G Nq, such that 

p{N) = qo{Nyqo{N)+Nq,{Nyq,{N)+- ■ ■+N{N-iy ■ iN-k+l)q,{Nrqk{N). 

(42) 

For 5 > 0, we set := (A^— 1)(A^— 2) + e. From the preceding facts it follows 
that Ce is in W{d)+ for all e > and that is not in if < £ < i. 

Clearly, Ce satisfies the assumptions of Theorem 1.1 for all e > 0. For arbitrary 
real a we have 

(A^ + a)ce{N + a) = ^a\N-l)\N-2f + (1 + ^a'^)N{N-l){N-2){N-3) 
+ {2a + 3)N{N-l){N-2) + e{N + af. 

The latter expression has been found by A. Schiiler. If < 2, then the right hand 
side of the preceding equation is of the form (H^ and so (A^ + a)c^{N + a) G 
as asserted by Theorem 1.1. 
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